A magnetic helix arises in chiral magnets with a wavelength set by the spin-orbit coupling.
Lamellar phases with periodically assembled layers are found in diverse systems, having profound implications in biology, physics, chemistry, and technology 1, 2 . The lamellar texture imparts a unique combination of order and mobility, which promotes self-organization and structure formation in living systems and polymer compounds 3 . Furthermore, it finds application in liquid-crystal displays and electro-optical devices. Order and mobility are strongly affected by the presence of topological defects arising from imperfections in the planar configuration of lamellar phases. The formation of disclinations in liquid crystals and their impact on rheological properties is a well-known example 4 . The mesoscopic length scales of liquid crystals allows direct observation of such defects and it was shown that they can exist as individual objects or building blocks of complex networks such as grain boundaries 5, 6 .
Here we demonstrate that chiral magnets are a striking analog: they similarly possess lamellar phases and ordered topological defects. Crucially, however, the topological structures exist at the nanoscale with additional functionality arising from the magnetic order. While skyrmionsa type of whirl in magnetization -have been reported extensively due to their potential in nextgeneration nanoelectronics [7] [8] [9] [10] [11] [12] [13] [14] [15] , they are only part of a larger zoo of topological defects in chiral magnets, similar to the range of defects observed in mesoscopic lamellar structures. In particular, we show that domain walls of helimagnetic order, first discussed in ref. 16 , can comprise a well-defined chain of topological defects with a distinct skyrmion charge. The skyrmion charge implies an efficient coupling to spin currents and contributions to the topological Hall effect 8, 17-20 , revealing new possibilities for domain-wall-based spintronic applications.
In chiral magnets the Dzyaloshinskii-Moriya interaction (DMI) twists the magnetization and leads to a helimagnetic ground state. The magnetic moments periodically wind around a certain axis, Q, with the wavelength λ determined by the DMI 21 . The overall magnetization can be visualized as a stack of equidistant sheets with uniformly oriented moments, where the orientation rotates from one sheet to the next. The morphology of the spin texture is thus analogous to the chiral lamellar structure of cholesteric liquid crystals as illustrated in Fig. 1a ,b 1 . The wavelength λ associated with the spin system, however, is up to three orders of magnitude smaller than in conventional liquid crystals.
Despite this difference in size, one may expect the same types of defects to form. Smooth spatial variations of the helix axis Q simply result in a curvature of the lamellar spin structure 22 . More pronounced variations, however, may break the periodicity and induce vortices, i.e., disclinations ( Fig. 1c,d ), as observed in cholesteric liquid crystals. The strength of such vortices is usually parametrized by the winding angle of the helix axis on a path encircling the vortex core. As the helix axis is a director (Q = −Q), half integer vortices are possible with +π and −π rotations (Fig. 1c,d ). Furthermore, disclinations can pair up and form edge dislocations (Fig. 1e) , with the Burgers vector B quantifying the distance D between them.
We study the emergence and coupling of such defects within helimagnetic domain walls in the near-room-temperature chiral magnet FeGe (T N = 278 K) using magnetic force microscopy (MFM). MFM is sensitive to the out-of-plane component of the magnetic stray field associated with the helimagnetism in FeGe 23 . Thus, the helimagnetic order manifests as a stripe-like pattern of bright and dark lines in the MFM scans in Fig. 2a -c. The periodicity of the pattern is λ = 70 nm, matching with previous bulk data 24 . However, we find equivalent values of λ on (100) and (111)-oriented surfaces, which indicates that Q preferentially lies within the surface plane.
This orientation is different from the bulk, where Q orients along the 100 direction. The MFM data thus reflects a surface-anchoring of Q implying a surface reconstruction of magnetic order 25 .
Furthermore, the measured statistical orientational distribution of Q is almost flat with a slight tendency to point along a 100 direction (if present) within the surface plane.
Most interestingly, the MFM scans reveal helimagnetic domain walls with a complex, but well-defined inner structure. Their structure crucially depends on the angle ∠(Q 1 , Q 2 ) enclosed between the helix axes of the adjacent domains as summarized in Fig. 2 . Based on our data we distinguish curvature walls (type I, Fig. 2a ), zig-zag disclination walls (type II, Fig. 2b ), and dislocation walls (type III, Fig. 2c ).
Walls of type I occur for small angles ∠(Q 1 , Q 2 ) and exhibit a smooth, continuous rotation of the helix axis from Q 1 to Q 2 as reflected by the curved dark and bright lines in Fig. 2a . The curvature wall is clearly visible due to its brighter contrast, which indicates an enhanced magnetic stray field induced by the enforced deformation of the spin helix. Type II walls display a characteristic zig-zag pattern of alternating ±π disclinations. They arise for intermediate
( Fig. 2b) . At the wall the magnetic stray field is enhanced and associated distortions of the helimagnetic spin structure extend over micrometer-sized distances away from the wall. Type III walls form for large ∠(Q 1 , Q 2 ), involving a rather abrupt transformation from Q 1 to Q 2 (Fig. 2c) . On a closer inspection, type III walls can be identified as a chain of magnetic edge dislocations.
The length of the domain walls can reach several micrometers, exceeding the characteristic length scale of the helical structure, λ, by two orders of magnitude. Individual walls can also change their type and thereby adapt to local variations of ∠(Q 1 , Q 2 ). An example is seen in Fig. 2c , where a dislocation wall (type III) turns into a curvature wall (type I).
The observation of the three types of domain walls strikingly corroborates the analogy between topological defects in chiral magnets and cholesteric liquid crystals 5, 6 . This universality emphasizes that the domain wall formation is governed by the inherent topology arising from the lamellar structure, being independent of the involved length scales and microscopic properties. Figure 2d presents a quantitative analysis of more than 90 measured domain walls. The larger angle α enclosed by the domain wall and one of the helix axes Q i is plotted as function of ∠(Q 1 , Q 2 ) (see Fig. 2a-c) . The data shows that, at the surface, Q is oriented in all directions, resulting in a broad spectrum of angles (0 To understand the relation between the orientation of a wall and its topological magnetic structure, we perform 2D micromagnetic simulations (see also Supplementary Information). We determine the energy density for various domain walls as function of ∠(Q 1 , Q 2 ) on a finite size system extending up to a cut-off distance L = 12λ away from the wall (Fig. 3) . The calculations reveal that bisecting type I walls (Fig. 3a) are lowest in energy for small angles ∠(Q 1 , Q 2 ) (red line in Fig. 3 ). Type II walls with α = 90
• (Fig. 3b ) become energetically favorable as ∠(Q 1 , Q 2 )
exceeds 85
• , which is in excellent agreement with the experimental data (Fig. 2d ). Blue lines in however, are always more costly than other configurations, which explains their rareness in our MFM data and the fact that they predominantly occur in transition regions (light blue dots in Fig. 2d ).
At around 145
• walls of type III become energetically less costly than type II walls (D = 3λ/2). Different micromagnetic wall structures are possible, all with similar energy (Fig. 3d-g ).
Within our numerical accuracy, a chain of serially aligned edge dislocations, first with Burgers vector B = 3λ (see ?) and then with B = 2λ (Fig. 3d) , is lowest in energy. Towards larger angles, type III walls with B = 2λ and B = λ (Fig. 3e ) become almost degenerate. In addition, more complex domain wall structures with slightly higher energy arise (Fig. 3f,g ). Consistent with the small energy difference, a large variety of type III walls is observed experimentally (see also
Supplementary Figure S2) , and the micromagnetic structure frequently changes along the wall (see Fig. 2c ).
Aside from the intriguing topological nanostructure of the domain walls, their magnetism enables emergent electrodynamics -a property that is not available in other lamellar structures.
A topological magnetic texture is identified via the skyrmion charge density ρ top = 1 4π
for the unit vector field of the magnetization M defined within the (x, y) plane 14 .
A single skyrmion with the magnetization pointing downwards at its centre and a skyrmion charge W = dxdyρ top = −1 is depicted in Fig. 4a . The same charge is obtained if the structure is embedded in a topologically trivial helimagnetic background as illustrated in Fig. 4b . This embedded skyrmion however is equivalent to a pair of edge dislocations with Burgers vector B = λ (Fig. 4c,d ). The dislocation with B = λ can thus be interpreted as a single meron, i.e., a halfskyrmion, which carries charge W = − 
where mod 2 is the modulo 2 operation, and the sign, s = ±1, is determined by the orientation of M at the dislocation center.
In order to obtain the topological charge for domain walls, one has to add the skyrmion charges of dislocations or, alternatively, pairs of ±π disclinations contained within the wall. This leads to the conclusion that type I and type III walls with continuous stripes have zero skyrmion charge ( Fig. 3a,d, Our results establish a striking analogy between topological domain walls in chiral magnets and defect networks in mesoscopic liquid crystals. The walls naturally arise due to imperfections in the lamellar-like magnetic ground state with profound implications for the macroscopic properties.
Enabled by their unusual magnetic structure, the walls can carry a finite skyrmion charge and, hence, efficiently interact with spin currents. The observations apply to chiral magnets in general and reveal a zoo of magnetic nano-objects with non-trivial topology -beyond skyrmions 13-15 - opening the door to innovative device concepts based on helimagnetic domain walls. .
Supplementary Text
In this supplement, we provide details about the experimental methods and present more examples of observed domain wall configurations. The analysis of the experimental data is discussed in detail. Moreover, we describe our micromagnetic simulations and analyze the results. The distance between disclinations within type II zig-zag disclination walls is compared between theory and experiment. Finally, a detailed discussion of the topological skyrmion charge attributed to dislocations is presented, and the charge of various domain walls is specified.
1 Experimental Methods
Sample preparation
FeGe single crystals were grown by chemical vapour transport from FeGe B35 powder with I2 (20 mg) in an evacuated quartz tube. The tube was mounted in a heated three-zone furnace for 1 month with a thermal gradient of 560 • C to 500 • C. This leads to the growth of 0.5 × 1 × 1 mm 3 large B20 FeGe crystals at the lower temperature side. The B20 crystal structure was confirmed by Laue diffraction. For our magnetic force microscopy studies, samples with (100)-and (111)-oriented surfaces were cut and chemo-mechanically polished with silica slurry, yielding flat surfaces with roughness of ≈ 1 nm.
Magnetic force microscopy -MFM
For our MFM measurements we used magnetic coated tips with a tip radius 50 nm (Nanosensors, PPP-MFMR, resolution < 50 nm). Imaging was performed in two-pass mode. First the topography was recorded in semi-contact. In the second path the magnetic response was detected with a fixed tip-surface distance of about 30 nm. The magnetic tips were operated at their resonance frequency of 75-77 kHz and with a scan speed of 2−3.5 µm s −1 to achieve optimal image resolution of 10 − 15 nm. All MFM images were measured in a commercially available scanning probe microscope (NT-MDT) using a home-built cooling holder. This cooling holder is based on a watercooled three-stage peltier element and reaches temperatures down to 260 K, giving us access to the helimagnetic phase of FeGe (T N = 278 K). Low water flow rates were used in order to reduce noise from vibrations due to the water cooling cycle. Additionally, the measurements were performed in a dry nitrogen environment (humidity below 1 %) to avoid ice formation on the sample surface.
Examples of observed domain wall configurations
In Fig. 2 of the main text, typical examples of the three types of domain walls are shown. Figure   S1a and c presents the same walls but on a larger scanning area (∼ 6 µm x 6 µm). Panel b
shows a different example of a type II wall, and it covers the whole length of the wall including its beginning and end. In comparison to type I and III, the width of type II walls is relatively large. ∠(Q 1 , Q 2 ) is relatively small. The type I curvature walls are free of defects so that they are expected to relax easily in order to assume their energetically most stable configuration. Similarly, the dislocations within a type III wall are able to arrange themselves by a climbing motion to yield an optimal domain wall angle 23 , which does not involve the crossing of a topological barrier.
In contrast, the variance of the data related to type II walls is comparatively large which will be discussed in detail in the following section.
Statistical analysis of type II zig-zag disclination walls
In order to evaluate the micromagnetic domain wall structure of walls of type II, we performed the following statistical analysis. Consider a type II wall oriented such that the +π defects are located below the −π defects, see The distance between ±π disclinations fluctuates within a wall as can be seen in Fig. S3a .
In order to quantify these fluctuations, we consider in Fig. S3b the differencex −ȳ for each wall.
We find that the mean x −ȳ ≈ −0.1 averaged over all walls is basically zero with a standard deviation σx −ȳ ≈ 3.5 indicated by the grey shaded region in panel b.
In the main text, we introduced the domain wall angle α whose definition was given in Fig. 2 of the main text. The dependence of the experimentally determined α as a function of ∠(Q 1 , Q 2 )
was discussed in Fig. 2d of the main text. The domain wall angle α is related tox andȳ by the
It follows that for a symmetric type II wall withx =ȳ the domain wall angle is α = 90
• . On average this holds approximately as x ≈ ȳ . Moreover, for a zero average x −ȳ = 0 the standard deviation of α is simply given by
where d(∠(Q 1 , Q 2 )) is the average of (x +ȳ)/2 over domain walls at a given ∠(Q 1 , Q 2 ). This implies a standard deviation σ α ranging approximately between 20
• and 38
between 90
• and 130
• . This is consistent with the observation in Fig. 2d of the main text.
The above analysis of the experimental data indicates that zig-zag disclination walls prefer a domain wall angle α = 90
• . For this reason, we limited our micromagnetic simulations of type II walls to this value of α. The relatively large standard deviation σ α is related to the fact that the relaxation of a type II wall with α = 90
• requires a specific rearrangement of disclinations which is however inhibited by a topological barrier.
2 Theoretical considerations
Micromagnetic simulations of helimagnetic domain walls
For a quantitative comparison with experiment, we performed micromagnetic simulations of various domain wall structures of helimagnetic order. In FeGe the magnetic exchange is predominant followed by a significantly weaker Dzyaloshinskii-Moriya interaction. This leads to a variation of the magnetization on a length scale substantially larger than the atomic unit cell. This allows for a continuum description in terms of a continuous vector field n(x, y) of unit length |n| = 1
representing the orientation of the magnetization vector. From the experiments we know that the pitch of the helix is aligned parallel to the surface so that we restrict ourselves, for simplicity, to an effective two-dimensional simulation within the surface plane. We consider a minimal model in terms of the free energy functional
where indices i, j = x, y, z sum over all components of the magnetization while the spatial index α = x, y is confined to the two-dimensional plane. ε iαj is the totally antisymmetric tensor with ε xyz = 1. A is the exchange stiffness and D is the Dzyaloshinskii-Moriya interaction. For simplicity, we neglect dipolar interactions and magnetic anisotropies.
The helimagnetic ground state of Eq. (4) is given by n(r) = e 1 cos(Qe 3 r+ϕ)+e 2 sin(Qe 3 r+ ϕ) where e 3 is lying within the plane, the orthonormal unit vectors obey e 1 × e 2 = e 3 , and the helix wavelength is given by λ = 2π/Q with the wavevector Q = D/(2A). The phase ϕ can be chosen arbitrarily as it is a zero mode, i.e., the energy does not depend on its choice. The helix axis Q is determined by e 3 . Note that the helix is invariant with respect to a π-rotation of the three orthonormal vectors around e 1 (for ϕ = 0), i.e., e 1 → e 1 , e 2 → −e 2 , e 3 → −e 3 . The helix axis Q is thus only defined up to a sign so that it is effectively a director field allowing for half-integer vortices, in particular, ±π disclinations.
After measuring energy and length in dimensionless units,F = F/(2A) andr = rQ, the theory (4) is parameter-free. This implies that the energy of a particular domain wall between two helimagnetic regions is exclusively determined by geometric factors: the relative angle between the two domains and the angle defining the orientation of the wall, denoted in the main text by ∠(Q 1 , Q 2 ) and α, respectively, (see Fig. 2 of the main text).
We determine the energy of various domain wall configurations numerically using micromagnetic simulations of the Landau-Lifshitz-Gilbert equation
with the dimensionless effective magnetic field B eff = −δF /δn, and the dimensionless time t. The continuous field n is discretized with the help of classical Heisenberg spins on a square lattice with lattice spacing a ≈ 0.024λ. Derivatives are approximated by finite differences, and the total grid is rectangular with N x × N y sites. The Gilbert damping is chosen within the range α G ∈ [0.1, 0.8].
We choose the domain wall to be aligned with the x-axis. Anticipating periodic domain walls, we employ periodic boundary conditions along the x-axis enforcing a periodicity of the wall which is commensurate with the size N x . The boundary conditions along the other two edges are fixed and chosen such that the resulting spin configuration corresponds to magnetic helices with orientations Q 1 and Q 2 with certain phases ϕ 1 and ϕ 2 . Moreover, the angles ∠(Q 1 , Q 2 ) and α have to be restricted to specific values so that the two boundary helices are commensurate with the chosen system size.
The interface between these two helimagnetic domains is first initialized with a magnetization profile that implements the corresponding topology of the wall. Afterwards the system evolves according to Eq. (5) and relaxes the implemented magnetization yielding the energy. In order to obtain the energyẼ dw attributed to the domain wall, the energy of the perfectly ordered helimagnetic state is subtracted. Small systematic errors might arise here from anisotropy energies due to the discretization on a quadratic lattice. Note that the result for the domain wall energy does not depend on the choice of phases, ϕ 1 and ϕ 2 , as the wall can adapt its position along the x-and y-axes.
Preferably, the distance between the domain wall and the boundaries, L, should be chosen large enough such that the fixed boundary configurations do not significantly influence the en- As the evaluation of domain wall energies is computationally demanding, we limit ourselves in the main text to a comparison of energies for a system size of L = 12λ. The precise transition angles between the various walls and details of the spectrum might thus alter in the thermodynamic limit of very large systems, see also the discussion in Section 2.3. However, we expect that the qualitative features remain unaffected.
The micromagnetic simulations are nevertheless in remarkably good agreement with our experimental findings. This is noteworthy because our two-dimensional simulations do not only neglect dipolar interactions but also do not account for the additional twist of the magnetization on the surface of a three-dimensional bulk helimagnet which arises from the Dzyaloshinskii-Moriya interaction 31, 32 . The helix gains additional energy from such surface twists that also influence the energetics of domain wall configurations within the surface plane. In fact, we believe that the energy gain from such surface twists is responsible for the surface anchoring of the helix axes observed in our experiments on FeGe.
Domain wall configurations
In Fig. 3 of the main text, the numerically obtained energy density and various domain wall configurations were presented for a system size of L = 12λ. In 
Skyrmion charge of a dislocation
The topological skyrmion charge density is defined by ρ top = 1 4π
n(∂ x n × ∂ y n). A finite topological charge gives rise to an emergent electrodynamics in the interplay of electron spin currents or magnon currents with a magnetic texture 8, 17, 20, 33 , see N. Nagaosa et al. 14 and M. Garst 34 for reviews. We can attribute a well-defined skyrmion charge to any localized magnetic texture provided that its associated charge density decays sufficiently fast with increasing distance ρ = x 2 + y 2 so that the two-dimensional integral dxdyρ top converges.
This is for example not the case for disclinations. This is best illustrated for a 2π disclination that we can approximate with the parametrization
where r = ρ(cos φ, sin φ). We consider the cases θ 0 = π and θ 0 = 0 for which the magnetization at the disclination core points down and up, respectively, see Fig. S10 . Its topological charge density
only decays as 1/ρ, and, as a result, its topological charge is not well-defined. This is reflected in the fact that the integral over the topological density depends on the integration area even for large ρ. The integral over the area of a circle around the origin with radius mπ/Q yields zero for even integer m. For odd integer m the resulting topological charge is −1 for θ 0 = π and +1 for θ 0 = 0.
The topological charge of a dislocation, however, is well-defined because its topological charge density decays faster than 1/ρ as the two ±π-dislinations screen each other at long distances. For its determination we invoke the concept of topological, i.e., continuous transformations. First, consider the pristine helix which varies only along a single direction in space, so that its topological charge density is exactly zero. As a result, the total charge integrated over a large area also vanishes. This remains true after applying a topological transformation of the helix by elastically deforming it within a locally confined area, see 
The sign s is determined by the magnetization at the associated 2π disclination core with s = −1 for a magnetization pointing downwards and s = +1 for a magnetization pointing upwards.
Skyrmion charge of helimagnetic domain walls
After having clarified the topological charge of a single dislocation, we now turn to the discussion of skyrmion charges of various domain walls. In order to determine the total charge of a domain wall we can add the charges of dislocations contained within it. As we consider only periodic domain walls, we can limit ourselves to a discussion of the skyrmion charge associated with their primitive unit cell that we denote by w, see Fig. S13 for various examples.
The skyrmion charge of curvature walls vanishes because these walls can be continuously II  II  II  II  II   II  II  II  II  III   III  III  III  III Figure S13 . Skyrmion charge for all domain wall types. Examples of periodic domain walls and total skyrmion charges w associated with their primitive unit cell. Note that the panels display a region of the walls that is larger than the extent of a single primitive unit cell.
